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ABSTRACT 

In this paper we estimate the norms of linear interpolating operators from the 
space of continuous functions onto polynomials. The estimate eliminates the 
gap between classical results of Faber and Bernstein. It also provides an 
affirmative answer to a question recently raised by J. Szabados. 

I .  I n t r o d u c t i o n  

In this paper we study the norms of  certain interpolating operators  on the 

space of  cont inuous functions C t_ ,,,1. 
Let An={tln)<t2~")< " "  < t~  ")} be a given parti t ion of  the interval 

[ - 1, 1 ]. Let q : N ~ N be a function that maps non-negative integers into itself 

and let .~k E C t_ 1.Jl be the space of  polynomials  o f  degree k - I. 
We will say that a map 

F(A~) : CE_l,q -~ ~+q(~) 

is an interpolating operator  if for any f E  C t_ 1,11 and any z E A. we have 

(F(An) . f ) ( z )  = f(z) .  

Notice that operators  F(A.)  may depend on q(n). As usual we define the norm 
of  such operator  as 

II F(A.)  II = sup( II F(A.)  f II ; U f II --< l). 

In case q(n)  = 0 the operator  F(An) is uniquely defined and the classical result 

o f  Faber  (cf. [3]) states that  there exists a constant  C > 0 such that 

11 F(A )II C.log n. 
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In the opposite direction Fejer proved (cf. [3]) that for q ( n )  = n there exists a 
partition A. and an operator F(A.) so that 

[I F(A.)[[ = I. 

Finally Bcrnstein (cf. [I]) has shown that for an arbitrary a > 0 and q(n)= 
[an] there exists a partition A. and operators F(A.) so that 

[[ F(A.)II < O(I). 

It is worth mentioning that in all of the above-stated results the optimal rate of 

convergence was obtained for A. to be Chcbyshcv points on [ - l, I] and for 

the linear operators F(A.). The gap between q (n) = 0 and q(n ) = an remained 
open until recently Szabados [5] demonstrated that for A. Chcbyshcv and q(n) 
arbitrary wc have 

(l.1) lim sup Llog(n-n--~-q(q(n-)iJ > 0 

and moreover the optimal rate of convergence is obtained on linear operators 
F(A,). 

In the same paper [5], Szabados conjectured that (1.1) holds for arbitrary 
choice of A,. 

In this paper we give an affirmative solution to the conjecture of Szabados 
for linear operators F(A,) for an arbitrary choice of A,. 

In fact we will do a little bit more. We will show that (1.1) holds for a slightly 
more general choice of linear operators and with lim sup in (1.1) being 
replaced by lim, thus closing the gap between the Faber result and the 
Bernstein theorem. 

Our method of proof  is based on Functional Analysis and completely 
different from the one in [5]. 

It will be more convenient for us to work with trigonometric functions rather 
than algebraic polynomials. Hence, our operators will be the linear operators 

F ( A n )  " C[_l,l]--..~F'n +q(n) 

where .'Y~ is the cosine polynomials of degree k and C't0,,j is the space of 
continuous function on [0, ~] with f(0) --f(~) .  That transformation is easily 
accomplished by the map 

Ct-t,,] s , Cto,.], J "  f--" ~o with  ~o(O) = f ( cos  0). 
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The isometry ,¢ maps algebraic polynomials into cosine polynomials and cos 0 

maps partitions of[0, n] into partions on [ - 1, 1]. Hence, the algebraic case is 

equivalent to the trigonometric case. 
Throughout this paper we will identify the dual space of  Cta,b I with the space 

of  regular Borel measures on [a, b] : J l ( a ,  b) and will treat the elements of  this 

space as measures or as functionals without a warning. We also reserve a letter 

C to denote various constants. 
In Section 2 we formulate some propositions and the main theorem. We also 

prove the main theorem with the help of  the propositions. 

We postpone the proof of  the propositions to Section 3. 

The last section of  the paper is dedicated to some additional remarks and 

problems. 

II. The Main Theorem 

Let {vl . . . . .  v~} be a set of  positive normalized Borel measures on [0, n) 
with pairwise disjoint supports. 

THEOREM 1. Let  F~ be a linear operator from Cto:l into ~-~+q~) such that 

vj(Ff) = v j ( f )  for all f E  C'Eo,~). Then there exists a universal constant C > 0 

such that 

(2.0) II F. II >_- C.log (q-~n)). 

(The constant C does not depend on the choice o f  vj.) 

Before proving this theorem we will need two propositions: 

PRoPosn-ior~ 1 (cf. [4]). For any sequence o f  reals al . . . .  , ak 

~ "  V cos j0 1 lajl aj dO > - .  Y~ . 
30"7 n k - j + l  

PROPOSITION 2. Let a and M be n × ( n  + q ( n ) )  and (n + q ( n ) ) X n  

matrices respecti rely: 

art; a~2 • • • ; a ~ , n + o ( n ) -  

a21; a22;  . . . ;  a2,n+qln) 
A =  ; M =  

., • 

anl; an2; . . .  ; an,n+qtn). 

#ll; /112; • • • ; #t,~ 

f121; ~22;  ' ' '  ; ~/2,n 

/~n+q(n),t; ~n+q(,0.2; . . .  ; l t n + q t n ) , ~  
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Suppose that q ( n ) < n ;  la01 _-__ 1 (i = 1 . . . . .  n; j - -  1 . . . . .  n + q ( n ) )  and 

A • M = I,  an identity matr ix  on R, .  

Then there are n - q(n)  rows o f  the matrices M :  k~ . . . . .  k.  _q~,) so that 

(2.1) ~ ]#k,jl ~ ½ f o r i =  1 . . . . .  n - q ( n ) .  
j --I  

We postpone the proofs of  the propositions till the next section. 

REMARK. The meaning of  Proposit ion 2 becomes clear by considering the 
case q(n)  = 0. Then A and M a r e  square matrices with A M  = I, hence MA = I 

and for every row in M,  say (/ti~,/1~2, #~,), we have 

1 = Za l i l l i l  <--_ ( Z  [].tia I)" max la~ I =< Z I#i~ I. 

Hence there are n - n(q)  = n rows with the property (2.1). 

PROOF Or THE THEOREM 1. Let  F .  : (~t0.~j~ ~,+q~,) be an arbitrary linear 

operator.  Then it can be represented in the form 

n+q(n) n+q(n) i~oc 
(2.2) F . ( f ) =  Y~ l t j ( f ) c o s j O =  Y~ Jo  f ( s )cos jOdl t j (s )  

j =o j =o 

where/~j are regular Borel measure on [0, n) .  Let  a = X.  " +*C") I/tj I • Then each/tj  
is abso lu te ly  c o n t i n u o u s  w i th  respect  to  e a n d  by  the  R a d o n - N i k o d y m  

theorem there exist functions ~oj E L~(e) so that 

dltj = ~oAe and H ~0j U Leo) = II uj  ]l. 

Now we can rewrite (2.2) as 

f . ( f )  = 2~ f(s)~oj(s)cosjO de(s )  = K(s ,  O) f ( s )da(s )  
j -  

where K(s,  0) = X~_+o qC") ¢oj(s)cosjO. 

Hence,  F.  is an integral operator from Ct0,. 1 --- Cto,. l and we have 

IIF. II - -  sup IK(s,O)lda(s) 
OElO.xl 

£.£. IK(s,  O)lde(s)dO 
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O,,dOdo,s, 

-2[2 
We can now apply Propos i t ion  1 to the inner  integral: 

> ) II F. II = -  r t~ ,o  \ j=o n + q ( n ) - - j +  l dtr(s) 

1 .+q~n) 1 ["  
(2.3) = - Y . . j  I~oj(s)lda(s) 

rt j=o n + q ( n ) - - j + l  

1 n+q(n) 
=- 2 II uj II 

n j=o n + q ( n ) - j + l  

To est imate  the no rms  }l ~J II we use the fact that  

(2.4) v , (F , f )  = v~(f) V f E  C[o,,l, i = 1 , . . . ,  n. 

F r o m  (2.2) we have 

[n+q(n) ) n+q(n) 
(2.5) v,(i)=v,~ j~o ~j(i)cos;0 = j__Zo ~,(i).v;(cosj0) 

Since II v~ II = 1 we have l a o I < 1 where 

ao := vi(cos jO). 

Hence (2.5) can be wri t ten as 

and  since the latter identi ty holds for all f ~  Cto.~ ] 

n +q(n) 
(2.6) v~= ~ a~d~ ~. 

j=0 

Let Sk be the supp vk. Since v~ are normal ized  posit ive and disjointly suppor ted ,  
we have 

vi(Sk) = ~k ---- { ;  i f i  = k , i f /~k .  
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Evaluating the left and right side of (2.6) on the sets Sk we have 
n +q(n) n +q(n) 

(2.7) 6,k= Y. ao/.tj,(Sk)---- Y~ aOgjk 
j - 0  j - 0  

where 

(2.8) Ujk =/tj(Sk). 

f o r l  < i , k < = n ,  

Notice that 

n n 

(2.9) IluJ II ~ Z luAS~)I = E I~jkl. 
k - I  k - I  

Equations (2.7) can be seen as a matrix equation A M  = I where A and M 
satisfy the conditions of  the Proposition 2. 

Hence there are n - q ( n )  rows in M : j m , . . .  ,j,_q{,) (and consecutively 
n - q(n) f u n c t i o n a l s / % . . . ,  #j._~.) so that 

(2.10) II/tj, I[ >---- ~, I/tj,~ [ > 1 
i=1 ~ 2  " 

Returning to the estimate (2.3) we see that the norm II F~ II is least when 
II uj II >-- ½ are accompanied by the largest denominators,  i.e., for some univer- 

sal C~ > 0 

1 .-¢(n) 1 
IIf.  U > - - -  Y~ 

2n j=o n + q ( n ) - j + l  

1 
>= - -  C,[log[n + q(n)] - log[2q(n)] 

2n 

_ C, log n + q(n) 
2n 2q(n) 

which immediately implies (2.0) for some universal constant C. [] 

I lL Proofs of  the Proposit ions 

Proposition 1 is well-known as a Sidon inequality (cf. [4]). It is also an easy 
consequence of  the Hardy inequality (cf. [2]) 

(3.0) dO > -1 Zaj [ 
n j I I t  1 j 

Indeed, writing cos j0 = ½(e °° + e -°°) we have 
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_' n /On j -  I I j~=laj½(eU° + e  -ij°) dO= ~ aj(e°° + e  -°°) dO 

fo'[ +~'° ~ e-OO) = e i~" _ ai(e°° + dO 
. i = 1  

= fo" ~ a f (" -J+°°  + 2~ ajei(n+j+l)° dO 

1 

r: j=l n - - j  + l 

To prove Proposit ion 2 we need some notation.  For  a Banach space Xk = 

(Rk, II II) we use II I1" to denote the norm of  the dual space Xk* = 

( l~ ,  II II *). Vectors ej ~ Rk (j  = 1 . . . . .  k) will be the s tandard basic vectors 

ej = (Oij)k= 1. For an arbitrary x E Rk we use x(i) to denote the i-th coordinate at 

the vector x.  I f  x ,  y ~Rk then (x,  y)  = zk-i  x( i )y( i )  is the inner product  o f x  

and y.  Hence x(i) = (x,  ei). Among all the different norms on Rk let 

II x II, = Y, Ix( / ) l ,  

II x II ~ = sup(Ix( / ) l ;  1 < i < k). 

These norms give rise to the spaces 

l~ k) = (Rk, II II 1); l~) = (R~, II II ~). 

We also need the following 

LEMMA 1. Xm = (Rm, 11 11 ) be an m-dimensional space. Let U be a linear 
operator from l (~)l '-" Xm- and V be a linear operator from Xm -" l~ k) such that 

Then 
II u II ~ 1 and UV = Ix.. 

max{ II Vx I1~, II x II ~ l , x ~ X m }  ~ m/k .  

PROOF. We use matrix representations for U and V with respect to the 

s tandard bases in R~" 

U =  

UtD U I 2 ~  • . . ~ Ulk 

U 2 1 ,  U 2 2 ~  • . . ~ U2k 
." : 

Uml~ Um2~ • . . ,  Umk- 

I VII~ UI2:, • • • ~, ~Im I -i 

I 
V 2 1 ,  V 2 2 ,  

V ~ 

Vkl, Vk2, , m-I 
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(It follows from the assumptions of  the lemma that k > m.) Let 

Uj = ( U o )  m _ l ~ R m  ; j = 1 , . . . ,  k 

be the column vectors of  the matrix U. 

Let vi -- (v0)j m_ ~ ~ Rm (i = 1 , . . . ,  k) be the row vectors of  the matrix V. Since 

II u II --< 1 we have 

1 > II Uej II = II uj II 

Since U V  = Ix .  we moreover have 

k k 
m = t r ( U V )  = t r ( V U )  = Y, (v~, u~ ) < Y~ 

i - - I  i --I  

Hence there exists an ioE (1 . . . . .  k} so that 

II v~ U * > m/k .  

Let  Xo~ Xm w i t h  It x0 II = 1 so  that 

<Xo, v~> = II V,o II * > k /m.  
Then 

for all j = 1 . . . . .  k. 

k 

II v, II * II u, II ~ 2 II v, II *. 
i--I  

max(l l  Vx I1~; IIx]l  = 1 } ~  I(Vxo)(io)l f f i ( v~ , xo )>m/k .  [] 

We are now in a position to give the 

PROOF OF PROPOSITmN 2. Consider the diagram 

1~) , A l(,,+q(,,)) , u l~). 

The assumption l a o I =< 1 m e a n s  that II A II ---< 1. 

(3.1) LetK -- {i: max( [ ( M x ) ( i ) l ; x ~ l ~  ), II x II ~ --< 1) >__ ~; i = 1 , . . . ,  n + q(n)}. 

The conclusion of  the proposition is equivalent to 

# K  >= n - q ( n ) .  

Indeed if  i E K  then there exists x = ( x ~ , . . . ,  x , , ) E l ~  ~ such that II x II ® = I 

and ZT. l/zox j > ½. Thus 

---< Y. ~ 0 x y -  -< I~01. 
2 ~=~ i=~ 
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In particular it follows from Lemma 1 that there exists i ~ {1 . . . .  , n + q(n)} 

such that 

and # K  > 1. 

m a x ( l ( M x ) ( i ) l ;  II x II ~ ~ 1} >= 
n 1 

n + q ( n )  - 2 

(3.2) L e t k = # K  and l e t k < n - q ( n ) .  

We introduce a subspace E c l ["  +qt.)) to be 

E = ( x  E l t "  +q~")~" x ( i )  = 0 if i EK}. 

The subspace E is clearly isometric to ll" +o(,)-k). Indeed let (i, . . . . .  i ,  +q(,)-k) 

be an ordered set of  integers such that im ~ K .  Then the natural map 

(Rx) (m)  = X(im) 

defines the isometry. Then dim E = n + q ( n )  - k ;  dim(Range M) = n and 

1 :=  dim(E • (Range M)) > n - k. 

Let Y~ be a subspace of  1~ ) such that 

M ( Y t )  = E (~ Range M. 

There exists a space Xt = (RI, [[ [[ ) such that Xt is isometric to the space Yr. We 
now consider the diagram 

Xt 'J- '  Yt ' "i E 'R-'  II n+q(n) -k )  ' R E ' ~t Yt ' j Xt  

where J i s  the isometry from Xt onto Yt, ~ris  the restriction o f M o n t o  Yt, R is a 
natural isometry from E onto lI "+q~")-k), and ~,i is a restriction of  A onto E. 

Clearly II ~/II --< II h II =< 1 and for 

U = J -  I.4R - I and V = R37IJ 

we have 

II u II --< 1; u v  = Ix,. 

Hence by Lemma 1 there exists x ~ X t ;  II x II =< 1, i ~ ( 1  . . . .  , n + q ( n ) -  k )  

such that 

1 n - k  
I ( R A t J x  )( i ) l = > > 

n + q ( n ) -  k = n + q ( n ) - k  
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and consecutively there exists io ~ K so that 

n - k  1 
I(M(Jx))(io)l  = > >= - 

n + q ( n ) -  k 2 

(The last inequality follows from k < n - q(n).)  Since II Jx ]l ~ = II x II 
have for x0 = Jx"  II x0 II --< 1 

I(Mx)(io)l = I(~lJx)(io)l > -----2 

which contradicts (3.1) since i0 ~ K. 

we 

[] 

IV.  Prob lems  and R e m a r k s  

With a little finesse the assumption of positivity of the functionals vj in 

Theorem 1 can be dropped. Indeed evaluating (2.6) on the various subsets of  

supp vj would give us the same conclusion. 

PROBLEM. Does Theorem 1 hold if we do not assume that vj are disjointly 

supported? 

A theorem similar to the Theorem 1 can be proved for complex polynomials 

on the circle. 

THEOREM 2. Let  T be the unit circle and  let v~ . . . .  vn be normalized 

disjointly supported measures on T. Let  Fn be a linear operator f rom  C(T) onto 

+qtn~ such that v j(Fnf)  = vj( f )  for  all f E C(T). Then 

n 
II F~ II ~ C. log q(n) " 

The proof is identical to the one in Theorem 1 if we use inequality (3.0) 

instead of  Proposition 1. 
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