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ABSTRACT

In this paper we estimate the norms of linear interpolating operators from the
space of continuous functions onto polynomials. The estimate eliminates the
gap between classical results of Faber and Bernstein. It also provides an
affirmative answer to a question recently raised by J. Szabados.

I. Introduction

In this paper we study the norms of certain interpolating operators on the
space of continuous functions C;_ ;.

Let A, ={f" <M< ... <t®} be a given partition of the interval
[ — 1, 1]. Let ¢ : N— N be a function that maps non-negative integers into itself
and let # € C|_,, be the space of polynomials of degree k — 1.

We will say that a map

F(A): Coiny™ Prvam
is an interpolating operator if for any f€ C;_,;, and any 1 €A, we have
(FA,)- f)(7) = flz).

Notice that operators F(A,) may depend on g(n). As usual we define the norm
of such operator as

I E@) || = sup(l| FA)SI5 1S = D).

In case g(n) = 0 the operator F(A,) is uniquely defined and the classical result
of Faber (cf. [3]) states that there exists a constant C > 0 such that

| F(A,) || 2 C-logn.
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In the opposite direction Fejer proved (cf. [3]) that for g(n) = n there exists a
partition A, and an operator F(4A,) so that

HF@A) ] =1.

Finally Bernstein (cf. [1]) has shown that for an arbitrary « >0 and g(n) =
[an] there exists a partition A, and operators F(A,) so that

| £A.) || = 0Q).

It is worth mentioning that in all of the above-stated results the optimal rate of
convergence was obtained for A, to be Chebyshev points on [ — 1, 1] and for
the linear operators F(A,). The gap between ¢(n) = 0 and ¢(n) = an remained
open until recently Szabados [5] demonstrated that for A, Chebyshev and g(n)
arbitrary we have

(1.1) lim sup [—"—M]>O

log(n/q(n))

and moreover the optimal rate of convergence is obtained on linear operators
F(A,).

In the same paper [5], Szabados conjectured that (1.1) holds for arbitrary
choice of A,.

In this paper we give an affirmative solution to the conjecture of Szabados
for linear operators F(A,) for an arbitrary choice of A,,.

In fact we will do a little bit more. We will show that (1.1) holds for a slightly
more general choice of linear operators and with limsup in (1.1) being
replaced by lim, thus closing the gap between the Faber result and the
Bernstein theorem.

Our method of proof is based on Functional Analysis and completely
different from the one in [5].

It will be more convenient for us to work with trigonometric functions rather
than algebraic polynomials. Hence, our operators will be the linear operators

F(An) . Cm‘[-l,l]—)'gzqu(n)

where 7, is the cosine polynomials of degree k and C’lo,,,, is the space of
continuous function on [0, z] with f(0) = f(x). That transformation is easily
accomplished by the map

Cioryy—2 Com», F:f—9 with p(0) = f(cos 6).
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The isometry # maps algebraic polynomials into cosine polynomials and cos 8
maps partitions of [0, 7] into partions on [ — 1, 1]. Hence, the algebraic case is
equivalent to the trigonometric case.

Throughout this paper we will identify the dual space of Cy, 5, with the space
of regular Borel measures on [a, b]: .#(a, b) and will treat the elements of this
space as measures or as functionals without a warning. We also reserve a letter
C to denote various constants.

In Section 2 we formulate some propositions and the main theorem. We also
prove the main theorem with the help of the propositions.

We postpone the proof of the propositions to Section 3.

The last section of the paper is dedicated to some additional remarks and
problems.

II. The Main Theorem

Let {v,,...,v,} be a set of positive normalized Borel measures on [0, 7)
with pairwise disjoint supports.

THEOREM 1. Let F, be a linear operator from C‘io,,,] into T, ; 4y SUCh that
Vi(Ef)=v;(f) for all fE€ C‘[o,,,). Then there exists a universal constant C >0
such that

2.0) I F, || =C-log (L> .
q(n)

(The constant C does not depend on the choice of v;.)

Before proving this theorem we will need two propositions:

ProrosITION 1 (cf. [4]). For any sequence of reals a,, . . . , a;
g 1« gl
a;cosjO| do=—-y —L—.
fo ; V08 ’ n zk —j+1

PROPOSITION 2. Let a and M be n X(n+q(n)) and (n +q(n))Xn
matrices respectively:

RULNCCIEERE "mﬂwﬂ Nt R S

Az 25 - - -5 Danvgn) a5 Moy o5 Hap

L @uis @n2y -+ o5 Auntgin) Hntgum,is Bntvgmas -+ -5 Hntqnyn
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Suppose that q(n)<n; |a;| =1 (i=1,...,n; j=1,...,n+4q(n)) and
A-M =1, an identity matrix on R,,.
Then there are n — q(n) rows of the matrices M : ki, . . . , K, _ 4 SO that

.1 lmglzd fori=1,....,n—q(n).
j=1
We postpone the proofs of the propositions till the next section.

ReMARK. The meaning of Proposition 2 becomes clear by considering the
case g(n) = 0. Then 4 and M are square matrices with AM =1, hence MA =1
and for every row in M, say (i, 4> Uin), WE have

1 =Za,u; =Z|p,l) - max|a;| =Zju;l.

Hence there are n — n(q) = n rows with the property (2.1).

PROOF OF THE THEOREM 1. Let F,: C‘wv,r]—».ﬂ',,ﬂ(,{, be an arbitrary linear
operator. Then it can be represented in the form
n+q(n)

n+q(n) x
@) EN="3 wfxosjo="3" [ fisos jodu(s)
j= j=

where 4, are regular Borel measure on [0, 7). Let o = 27 *+am | ;| . Then each g
is absolutely continuous with respect to ¢ and by the Radon-Nikodym
theorem there exist functions ¢; € L (o) so that

du;=g¢;do and || ¢ llLm= s |l

Now we can rewrite (2.2) as

n+4q(n) 4
E(N="3 [ fis)s)cos jodots) = [ "K(s, 0) fis)do(s)
j=0
where K(s, ) = 217" g;(s)cos j6.
Hence, F, is an integral operator from Cg .= Cpo 5 and we have

N Fall = sup | |K(s, 0)1do(s)

€(0,n)

;fo" fo "\ K(s, )| do(s)do
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—ff |K(s, )| d6 do(s)
=L [J‘on n+gq(n)

2 @(s)cos }0} de] do(s).
0
We can now apply Proposition 1 to the inner integral:

1 prfrigm  g(s)] )
£ ;nﬁ) ( jgo n+gqgn)—j+1 do(s)

(2.3) = T f [g;(s) | da(s)

i
M oj=0 n +q(n)—

L w)
n j=0 h+qgn)—j+1

To estimate the norms || »; | we use the fact that
2.4) WEN=v(f)  Vf€Cen, i=1,...,n.

From (2.2) we have

n+q{n)

n+q(n)
@9 wn=u( £ weosio) =5 u(r) vicos o).
Jj= Jj=

Since || v; || =1 we have |a;| = 1 where
a; :=v;(cos jO).

Hence (2.5) can be written as

n+q(n)

wn=( 3 ) ()

and since the latter identity holds for all f€ C

n+q(n)
(2.6) vi= Y au.

j=0

Let S, be the supp v,. Since v; are normalized positive and disjointly supported,
we have

| ifi=k,
Vi(Si) =0y =
0 ifi #k.
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Evaluating the left and right side of (2.6) on the sets S, we have

n+gqln) n+g(n)
Q2.7 = X ayu(S)= X au forl=ik=n,
j=0 j=0
where
(2.8) e = (0.
Notice that
(2.9) | & i ikz | 14(Sk) | =k2 |t |-
- =1

Equations (2.7) can be seen as a matrix equation AM = I where 4 and M
satisfy the conditions of the Proposition 2.

Hence there are n —q(n) rows in M:j,,...,j,_4x (and consecutively
n — q(n) functionals y;, . . ., &;_,,) so that
n 1
(2.10) (A= 2‘2‘.
i=1

Returning to the estimate (2.3) we see that the norm || F, || is least when
| 4 || = }are accompanied by the largest denominators, i.e., for some univer-
sal C, >0

1 n—an) 1
£z X ,
2r j=0o nt+qgn)—j+1

1
Z — Ci[log[n + g(n)] — log[2q(n)]
2n

C, n+q(n)
=— log ———
2n 2q(n)

b

which immediately implies (2.0) for some universal constant C. O

III. Proofs of the Propositions

Proposition 1 is well-known as a Sidon inequality (cf. [4]). It is also an easy
consequence of the Hardy inequality (cf. [2])

(3.0) f _

Indeed, writing cos j6 = }(e%’ + e~ %) we have

Ul
2 ae
j=

do =

2

>1
n
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n n
f Y a;¥(e” + e~ %)
;5

do

d0=f" Y ay(e® + =)
0 |j=t

4 . n N =
=J; e:(n+l)0jzl aj(ezje+e—u0) dg

=fn Eajei(n—j+l)8+2ajei(n+j+1)0 do
0
>l gl
T n—j+1
To prove Proposition 2 we need some notation. For a Banach space X, =
(R, || JI) we use || ||* to denote the norm of the dual space X*=
(Ri, || 1™ Vectors ¢, ER, (j =1, ..., k) will be the standard basic vectors

e, = (0;)k_,. For an arbitrary x €R, we use x(i) to denote the i-th coordinate at
the vector x. If x, y ER, then (x, y) = =¥, x(i)y(i) is the inner product of x
and y. Hence x(i) = {(x, ¢;). Among all the different norms on R, let

Ix =2 1x®I,
| X | o =sup(|x()]; 1 =i = k).
These norms give rise to the spaces
F=Rol 1) P=R.| |
We also need the following

LemMA 1. X, =@R,. || |) be an m-dimensional space. Let U be a linear
operator from I)— X, and V be a linear operator from X,, — I{¥ such that

IU| =1 and UV=I,.
Then
max{ || Vx [|o, | X | £1,xEX,,} = mlk.

ProoF. We use matrix representations for U and V with respect to the
standard bases in R, :

Ui Uiz, <.y ulﬂ Uity V25 o«

Uy, Uz oo, Uy % Doy Ua2y ooy Doy

L Umts Umas oo s U] Ukts Uk2s <+ -5 Ukm
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(It follows from the assumptions of the lemma that k > m.) Let
u; = (uy)< ER,; j=1...,k

be the column vectors of the matrix U.
Letv, = (v;)/L, ER, (i =1, ..., k) be the row vectors of the matrix V. Since
IU|l =1 we have

1= | Ue|l = | u| forallj=1,...,k.

Since UV = Iy, we moreover have
k k k
m=tw(UN)=u(VU)= % (w,u)= X v l*wl =2 lul*
i=1 i=1 i1
Hence there exists an i,E€{1, ..., k} so that
| Vi ll*=mik.
Let x,€ X, with || xo || = 1 so that

(X0, V) = v, | * = k/m.
Then

max( | Vx |l 1% || =132 [(Vxo)io)| = (v Xo) = m/k. O

We are now in a position to give the

PrOOF OF ProOPOSITION 2. Consider the diagram

[ A ey Mo
The assumption |a;| =1 means that |4 || =1.
(3.1) LetK = {i: max(J(Mx)(i)|; xEID, | x | .= Dz Li=1,...,n+q(n)}.
The conclusion of the proposition is equivalent to
#K =z n —q(n).

Indeed if i EK then there exists x = (x;, . .., X,)€I% such that || x ||, =
and 2/, u;x; > 3. Thus

1 n n
Eéz §Z|/‘u
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In particular it follows from Lemma 1 that there exists i €{1,...,n + q(n)}
such that

N n _l_
max{ OOk 1>l =122 0h =5

and #K = 1.

3.2 Letk=#K and letk <n —gq(n).

We introduce a subspace E C [{* 9 {0 be
E={x€lrti: x(i)=0if i EK}.

The subspace E is clearly isometric to /[{"*4" =0, Indeed let (iy, . . . , by 4 gn)—k)
be an ordered set of integers such that i,, €K. Then the natural map

(Rx)(m) = x(im)
defines the isometry. Then dim E = n + g(n) — k; dim(Range M) = n and
[:=dim(E N (Range M))=n — k.
Let Y, be a subspace of /¢ such that
M(Y))=E N Range M.

There exists a space X; = (R,, || || ) such that X;is isometric to the space Y,. We
now consider the diagram

J-t A R

X Y, E

[in+atn—k) R g M Y, 4J_X1

where J is the isometry from X; onto Y, M is the restriction of M onto Y, Risa
natural isometry from E onto /{**9™"-%_and A is a restriction of 4 onto E.
Clearly |4 || = ||4 | =1 and for

U=J'4R"' and V =RMJ
we have
Ul =1, UV=I,.
Hence by Lemma 1 there exists x€X; | x || =1,i€(,...,n+q(n)—k)
such that

N ) n—k
RMIxY(@)| = >
I¢ x)(l)l—n+q(n)—k2n+q(n)—-k
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and consecutively there exists i€ K so that

N n—k 1
(MU z—————=—.
N =~k 2
(The last inequality follows from k <n —gq(n).) Since ||Jx ||, = || x| we
have for xo=Jx: || x || =1

|(Mx)(io)| = | (MJIx)io)| Z 4
which contradicts (3.1) since i K. |

IV. Problems and Remarks

With a little finesse the assumption of positivity of the functionals v; in
Theorem 1 can be dropped. Indeed evaluating (2.6) on the various subsets of
supp v; would give us the same conclusion.

ProBLEM. Does Theorem 1 hold if we do not assume that v; are disjointly
supported?

A theorem similar to the Theorem 1 can be proved for complex polynomials
on the circle.

THEOREM 2. Let T be the unit circle and let v, ...,v, be normalized
disjointly supported measures on T. Let F, be a linear operator from C(T) onto
P + gy SUCh that v(F, ) = v;( ) for all f€ C(T). Then

n

| Fo |l 2 C-log .
q(n)

The proof is identical to the one in Theorem 1 if we use inequality (3.0)
instead of Proposition 1.
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